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1. Introduction

The family of exponential distributions has fundamental meaning in reliability theory,
survival analysis and general in the area of life time distributions. For an overview and more
details we refer to Johnson, Kotz and Balakrishnan (1994) and Balakrishnan and Basu
(1995). We consider k independent exponential populations w1, ..., 7, with expectations
81, ...,0 which are unknown. Let there be a control value 8y. Each population 7; is called
good if 8; > 0y and bad otherwise. We study the problem of finding all good populations.
This is a typical subset selection problem, see Gupta and Panchapakesan (1985). We
assume that the 6; are random and distributed according to the unknown distribution
G;. Then for a given loss function the best selection rule, being the Bayes selection rule,
depends on the unknown G;. We suppose that historical data are available and can be
included in the decision rule. This is the empirical Bayes approach due to Robbins (1956).
Empirical Bayes methods have been applied in different areas of statistics. Deely (1965)
constructed empirical Bayes subset selection procedures. In a series of papers Gupta
and Liang (1988, 1994) and Gupta, Liang and Rau (1994a, 1994b) have studied different

selection procedures using empirical Bayes approach.

Assume Y are the actual data based on which we wish to make a decision. Then

the optimal decision dg depends on the unknown joint distribution G = ﬁ G; of 8 =
(01,...,0k). The central idea of the empirical Bayes approach is the construc}ci=oln of a good
decision rule d}, on the basis of historical data ¥ ,. The quality of d}, is then characterized
by the non-negative random regret risk R} = R(d},G) — R(dg, G). The aim of the above
mentioned papers dealing with empirical Bayes methods was to construct suitable decision
rules d7 and to evaluate the non-random regret risk ER}. The main goal of these papers
was to prove the convergence of ER}, to zero with a certain rate. Gupta and Liang (1996)

constructed for the problem of selecting good exponential populations a selection rule 4},

and proved ER’ = O(n~*/2) with same 0 < A < 2.

The natural question is whether there exist other selection procedures which are pos-

sibly better in asymptotic sense. But if ERX = O(n~!) then a comparison with another



sequence d,, of selection rules would lead to the constants

lim nE[R(d", G) — R(dg, G)]

n-—=co

lim nE[R(d,,G) — R(dg, G)]

n—+o0

which have to be calculated and compared. At least two reasons are against this argument.
Even if the stochastic order of R}, is Op(+), the regret risk ER}, may not have the order
O(Z) as the values of R}, can be large on some events with probability tending to zero.
As these events do not occur in most cases, the random regret risk better reflects the
situation in which the empirical Bayes methods are applied. These methods behave better
than indicated by the order of the regret risk ER}. The situation is comparable with
the asymptotic theory of parameter estimation where different types of estimators are
compared by the limit distribution of \/7—1(511 —0p) and in general not by a direct evaluation
of the variance of 6,. A second more technical argument is that nli_)lgo nE[R(d},,G) —
R(dg, G)] can be calculated only in very special situations. So, in this paper we study
distributions instead of expectations. A new selection rule d, for the problem of selecting
a good exponential distribution is introduced by a modification of the Gupta, Liang rule
(1996). We show
n[R(dn, G) ~ R(dg, G)]

converges in distributions to a linear combination of independent x2—distributed random
variables each with one degree of freedom. The coefficients in the linear combination
are explicitly calculated. The main idea for the new selection rule is the fact that the
construction of the optimal selection rule dg needs only the value of a unique zero n;p of
some function H; which depends on G;. The main part of this paper is the construction

of a suitable estimator 7;, for n;0 and the proof of a limit theorem for /n(7in — Mio)-

2. Formulation of the Selection Problem

Consider k£ independent exponential populations m,...,m; which we assumed to

have the density functions h(z;|6;) = I(z; > 0)9% exp{—%}, ¢ = 1,...,k, where § =

T

(61,...,0k)eQ = (0,00)* and I(A) is the indicator function of the set A. Given a standard
value 6y > 0 we call a population 7; good if 6; > fy. Our aim is to select all good popu-

lations. Therefore the decision space is D = {0,1}* = {(a1,...,ax) : a:{0,1}} and 7; is
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selected if and only if a; = 1. Similar as in Gupta, Liang (1996), Gupta, Liang (1994) we

use the loss function

k
L(g.a) =) £(6:,a:)
=1
where .
8(0,-, ai) = a,'ei(eo — QZ)I(O < b; < 90) + (1 - az)el(ﬁz - 90)[(90 < 91)
By a selection rule d = (a4, ...,ar) we shall mean a measurable mapping of the sample

space Y = (0,00)% into the decision space D. If we have a measurement Y; from each

population m; then the risk of the selection rule d is given by
R(0,d) = EL(8,d(Y))
where Y = (Y1,...,Y%). In terms of densities the risk R(8, d) is also given by

R(8,d) = / L(9, d(y))h(y, B)dy

k
where h(y|8) = [ h(y:l6:) and dy = dyi, ... dyx.
i=1 =

Using the loss function (2.1) we get

k

(2.1) R(9),d) = ) _E(6;,q:(Y1))
=1
where
(2.2) ¢ (ys) = Ea; (Y1, ...,Yi21,%:, Yigt1,- .-, Y&)

The formula (2.1) shows that due to the special structure of the loss function we may

restrict ourselves to randomized decisions g; which depend on the data of 7; only. Further
(2.3) EL(0:,q:(Y3)) = /Qi(yi)(eo — 8;) e % dy; + C; (6;)
0

where C;(0;) = 6;(6; — 80)I(6; > 6p). As we will apply the Bayes and the empirical Bayes
approach to the selection problem we assume that the 8; are realizations of independent

random variables ©;. The ©; are assumed to take values in (0, 00) and have distribution
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G;. The distribution G of the random vector © = (01, ...,©y) is then the product of the
G;. Furthermore h(y|9) is the conditional density of ¥ given © = 0.

We suppose
(o9}
(2.4) / 912 dG,(@z) <oo,1=1,...,k
0
Then the Bayes risk is finite and given by
R(G,d) =EL(@),d(Y))

Using (2.3) we get
k o0 o0 v;
RG)=Y [ [ w60 - 0¥ dGi(0)dui+
i=170 0

where

Vi = / 8;(0; — 60)dG;(6;).
. _

As in Gupta, Liang (1996) one obtains by integration by parts

(90 - 91)6—% = / (00 +y; — ti)-}.‘e-%dti
and
/0 (6o — 9i)€—g—:dGi(9i) = Oo1i(ys) — Y2 (ys)

where
(2.5) Vi (ys) = / 6—%?dGi(9i),

0

/ 91 ™% dt; dGi(0;) = E(Y; > vi)

0 (3

(2.6) win(v:) / Bie= 4 dGi(6:),




Using these relations we obtain
k o
RG,D) =Y [ (o) ~ bia(we))s03)ds +
=1 .

where +; is independent of the selection procedure. This shows that ir(}f R(G, d) is attained
by the selection rule d° = (d¥,...,d?) where
1 i Oovia(ys) < iz(wi)
(2.7 B = { |
0 otherwise

If G; is nondegenerate then %—f— is strictly increasing. This means that the zero 7;9 of
801;1 — iz, if there is any, is uniquely determined. To apply the selection rule d° we have
to know the 7n;0. But the 11;,19; as well as 7,9 include the unknown prior distribution.
Otherwise the unknown 1;1,%;> are the expectation of some functions of the observable
data Y;. This is the key to apply empirical Bayes methods. Assume we have data from the
past which can be taken into consideration. More precisely let Y;1,...,Yin,2=1,...,k be

n 1i.i.d. random variables with density
1 ~¥
filws) = / emHdGi(0)
0

The relations (2.5) and (2.6) show that
(2.8) Hin(y) = 2(90 +y —Yie)I(Yie > y)

is an unbiased and consistent estimator for the unknown function H;(y) = Oo¢i1(y) —

¥Yia(y). Using this fact Gupta and Liang (1996) introduced an empirical Bayes selection

procedure d; by setting

(2.9) dr (y:) = {1 if Hin(yi) <0

0 otherwise
3. Results
The Bayes risk of the empirical Bayes selection procedure d}, is

R(G,d%) EZ/ di (Y:)[00%ir (ys) — iz (yi)ldyi + 7

=1
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The regret risk of the selection procedure is then given by
R(G.d) = R(G, ) = ]EZ / [(Hin(w:) < 0) — I(Hi(ys) < 0)]Hi(ys)dys

Gupta and Liang (1996) studied the rate of convergence to zero of the above nonnegative

difference and proved
R(G,d%) — R(G,d°) = O(n™%) for some 0 < A< 2.

In this paper we will study the random part of the regret risk. We will not directly deal
with the decision rule d%. According to (2.7) the essential part of the optimal selection rule
d? is the zero m;o of the function H;(y) = 0o%i1(y) — ¥i2(y). The function %% is strictly
increasing if G; is non-degenerated. To guarantee that H; has a zero we use the following

Assumptioh A which was already introduced in Gupta, Liang (1996).

iz (y) biz(y)
Assumption A: It holds hm 0 Z(y) <B < hm 2 Yaly)”

If Assumption A is fulfilled and 7;o is the uniquely determined zero of H; then

H;(y) >0 for y<myp and H;(y) <0 for y > no.

We will construct a consistent estimator 7;, for 7;0 and set

-~ 1 Yy; 2 7/7\1111.
(3.1) din(yi) = { _
0 otherwise

/ Hy(t

Then the regret risk of Jn = (dn1, e, dn ) is

Put

k
(32) E> [Mi(mio) — M;(%in)] = ER,

=1

k
where R, = Y [M;(nin — M;i(%i0)] is the random regret risk. To prove a limit theorem
1=1
for the random regret risk R, we need at first a v/n— consistent estimator 7;, for n;.

As the functions ﬁin(yi) are discontinuous the estimator for the zero of H; can not be
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directly introduced as a zero of H;, (y;) as the existence of such zeroes is unclear. To get

a continuous function we integrate ﬁin and set
(3.3) (i) = | Binls)ds
: 0

As ﬁin(s) vanishes for all sufficiently large s we see that M;,(y;) is constant for all suffi-
ciently large y;. Taking into account the continuity of ]\Zn we get the existence of at least

one maximum point, say 7;,. From the law of large numbers we get that ?Iin(S) £, H;(s)
n—+00

and Z\/Zm(y) £ M (y), where £, denotes stochastic convergence. From the inclusion
n—>c0

(3.4) {%im—mo |= €t C{ sup Min(y) > Min(ni0)}
ly—nio|>e

one can see that in case of a unique maximum of M; at 7;p and a uniform law of large
numbers, i.e.

sup | Min(y) = Mi(9) | =3, >0
the 7;, will converge to n;0. Starting with Wald (1949) this concept to prove consistency
of estimators defined by minimization or maximation procedures have been used by many
authors (see Pfanzagl (1969), Liese, Vajda (1994), van der Vaart, Wellner (1996) and the

references there).

Theorem 1: Suppose G; is nondegenerate and (2.4) holds. Suppose Assumption A is ful-
filled and M;ne argmaz Z\’/.Tin, where My, and H;, are defined in (3.3) and (2.8), respectively.
Then
~ P
Nin —* M50
n—>00
where n;p is the uniquely determined zero of H;(y) = Oov:1(y) — v¥ia(y).

The traditional way to prove asymptotic normality of estimators defined by a mini-
mization procedure is to get an equation for this estimator by taking the derivative. The
next step is a linearization of the obtained equation by Taylor expansion. This approach
fails in our situation as the function M;, is not differentiable. But the one sided derivatives
exist. The derivative from the right D+]\//.7m (y;) exists for every y; > 0 and the derivative

from the left D‘]T/fm (y;) exists for every y; > 0. If 7;, is a maximum point of j/\[in we get
n

—_ 1 R R
DY Min (i) = p 2(90 + i1 — Yie)I(Yie > in)
=1
= ﬁin(ﬁin) <0

8




and for 7, > 0

S (8o + (Fin — Yie)[(Yie > iin)
=1

S

D™ Min(Fin) =

= ﬁin(ﬁin - 0) 2 0
Note that

-~ e~ B0 ~— N
(3:5) D*Min(fin) = D™ Min(fin) = — ; I(Yie = lin)
If the Y;, have continuous distributions then with probability one at most one term in the
sum of the right hand side of (3.5) is nonzero. Denote by Y;1) < Yj(2) < ... < Yj(,) the
order statistics. If 7;, = Yj(,_1) then for Y1) <y < Y

— 1 &
D Min(y) = = > (60 +y = Yi)[(Yie > v)
=1

1 n
== > (B0 +y — Yige))

b=r

1 n
>~ > (B0 + Yir—1) — Yige))

L=r
2 D+]/\Zin(y1'l(r—l)) >0

which contradicts the maximum property of 7;,. Hence on the event {7;, > 0} the right

hand term in (3.5) is a.s. zero. Consequently

o~

(36) Hm(’ﬁm)f(ﬁm > 0) =0 a.s.

The function H;,(y) is discontinuous. This excludes a linearization of (3.6) by Taylor
expansion. But for large n we have H;,(y) ~ EH;; = Oots1 () =i (y). As Oovir(y)—ia(y)
is smooth we will be able to derive an asymptotic linearization. The idea of an asymptotic
linearization goes back to Pollard (1990) and was systematically used in Jureckova and

Sen (1996) to deal with regression models.

Denote by the variance of the r.v.X by V(X). Using integration by parts one can
show that (2.4) implies EY;? < co. We set

(3.7) a2, = V((00 + mio — Yie) I(Yie > mi0))




Denote by N(u,o?) the distribution with expectation x4 and variance o.

Theorem 2: Assume the conditions in Theorem 1 are fulfilled and it holds
(3.8) by = —[00w;1 (mi0) — Yia(mi0)] > 0

then
-~ d
Vi (Tin = o) — N(0,0%/b7)
n—>o0
where —% denotes convergence in distributions.

Now we apply Theorem 2 to evaluate the random part R, in the regret risk ER,,. It
holds

k
= Z 7710 Thn)]

Note that M/(n;) = 0 and by assumption (3.8) —M/'(ni0) = —H[(n;0) = b; > 0. Hence
by Theorem 2

k
(39) = Zg‘ MNin — 7720 b + OP(l)]

Let £(X) denote the distribution of the random variables X. We denote by x32,...,x2
i.i.d. random variables whose common distribution is a x2— distribution with one degree

of freedom. Then we get from (3.9) Theorem 2 and the Slutzky theorem the following

result.

Theorem 3: If the assumptions in Theorem 2 are fulfilled , d;y, is defined in (3.1) and

k oo
Z/ dzn yz H (yz d’yz Z/ do yz yz)dyz
i=1

is the random part in the regret risk (3.2), then

10




4. Proofs:

As G; is nondegenerate, the function g—f continuous and is strictly increasing. Hence
by Assumption A the function H;(y) has a uniquely determined zero 7;9 and the following
holds

H;(y) > 0 for y < my0 and H;(y) < 0 for y > n;0

Consequently ,
M,(y):/ H;(s)ds
0

has a uniquely determined maximum of y = n;0. If we know that ]\//.Tin converges uniformly
to M; then we will expect that the maximum points of M, being the 7;, will tend to the

minimum point 7;o of M;. More precisely

——

{in—mio] >3 C{ sup Min(y) > Min(mi0)}

y:|ly—nio|>e€
(4.1) _ .
C{ sup (Min(y) — Min(mi)) >0}
y:|ly—niol>e
Also . .
sup  (Min(y) — Min(ni0)) <
y:ly—"niol>e
sup  (Mi(y) — My(mio)) +2 sup |Min(y) — Mi(y)|
yily—niol>e 0<y<co
We set
(4.2) be= sup (M;(mo) — Mi(y))
y:ly—nio|>e€

and note that . > 0 as M; is strictly increasing for y < m;o and strictly decreasing for

y > 0. The inclusion (4.1) implies

(43 {1 fin =l > e} € {_sup_11Tiay) = Mly)] > 360

which shows that a uniform law of large numbers implies the consistency of 7;,.
Lemma 1. Assume G; is nondegenerate and it holds (2.4) and Assumption A. If Z\//T,-n
is defined by (3.3) and ;€ argmaz ]T/En then
~ d
Nin —* Mio
n—oo

11




Proof: Note that
— Y _~
Min(y) = / M;n(s)ds
0

Y1 n
(4.4) = /0 - ;(90 +5—Y;)[(Yie > s)ds

1 1
s Z(Yie ANy)(0o ~ Yie + §(Yi£ AY))
=1

where Yj; A y = min(Y;s,y). Consequently

]/\Zm(OO) = lim ]/\Zin(y)

Yy—+ro0

1< 1
= > Yie(0o - 5 Yie)
=1

and
E sup |Min(y) — Min(c0)| <
T<y<oo
1 mn
—ZE sup Ool(Yie Ay) — z€|+E sup Yie|(Yie Ay) — Yael
1
+E sup 3 [(Yie Ay)? =Y
T<y<cc
1 n
< =Y [E 8o(Yie ~ T)I(Yie 2 T) + E Yag(Yie = T)I(Yie 2 T)
=1
1
+ 5 BV = TH)I(Yie 2 T)]
(4.5) =0B(Y;y —TI(YViy > T)+EY;1 (Yo —T) (Y1 2 T)

1
+ 5BV - TH)I(Ya 2 T)

The assumption (2.4) implies EY;2 < co and the theorem of Lebesgue yields that

(4.6) lim E sup | ]\Zn(y) -~ X/\Im(oo) |= lim Ar =0
T T<y<oa T—o0

12




Now we study ]\/J\m(y) for 0 <y < T where T > 0 is fixed. It holds

- - y+h ___
| Moy + ) — Min(y) |=| / Min(s)ds |
Yy

n

y+h 1
< [ 80+ s = Ve | I(¥i 2 5)ds
Y =1

1
< h- > (0o + (Yie + k) + Yar)
{=1

Hence

(4.7) E  sup | Min(y + h) = Min(y) |< (6 + R) + hEY;,,
y,h:0<y<y+h<T

For any function f : [0,7] — (—o0,+00) we denote by ws(h) the modul of continuity
defined by

wyr(h) = sup | fly+h)—F(y) |
y,h:0<y<y+h<T

Then for every n=1,2,...

. — M. < (Y — M —
O?JET | Min(y) — M;(y) I oJax | Min( m) M;( —

) |

+ wﬁin,T(;n—) + wMi,T(”Tr—L)

Hence
E sup | Min(y) = Mi(y) | < DY _E| Min(—) - Mi(=)|
0<y<T k=0 w w
(4.8)
T T
+Eug () +Boyr ()

13




and by (4.7), (4.8)

E sup | Min(y) — Mi(y) | <E sup | Min(y) — Mi(y) |
0<y<oo 0<y<T

+E sup | Min(y) — Min(oco) |
T<y<o

+E | Min(c0) — M (c0) |

+ sup |Mi(y) — Mi(c0)) |
T<y<oo

Tk

m

<SR () - Mi(0)|

k=0

T T, T
+ —(00 + =) + —EYi,
m m m

T —
+ A + E | M;n(00) — M;(00) |

wMiaT(%—)

Given a > 0 we may choose Ty such that by (4.6)

(4.9) A, < %
Then we fix mg such that

To To To To o
4.1 — (6 + — — EY; o (— -
(4.10) (B0t )+ L E Vi uneny (20) < 3

Here we have used that M; is uniformly continuous on [0, Tp]. By the law of large numbers

we find ng such that for every n > ng

g
— Tok Tok — «
4.11 E|Mup(—)—-M;(—) | +E | M;,(c0) — M; < =
(411) ;l (o) = Mi(=) | +E | Min(00) = Mi(o0) I< 3

The combination of (4.9), (4.10), (4.11) yields

E sup | Min(y) — Mi(y) |< @
0<y<oo

for every n > ng. This yields

— 1
P({ sup | Min(y) — Mi(y) |> 56.}) — 0
({Osygool () = Mi(y) > 58¢3) =2

14




which implies the consistency of 7;, in view of (4.3).

The classical method to deal with consistent estimators which fulfill an equation is the
linearization of the equation by Taylor expansion. However this technique is not applicable
to (3.6) as the corresponding functions are not differentiable. They are even not continuoﬁs.
We will use another approach and derive a more implicit representation by a stochastic
process. To prepare this representation of 7;, we need some technical lemmas. The first

is the result of straight forward calculations.

Lemma 2: Let (U;,Vi),i=1,...,n be i.i.d. random vectors with EU? < o0, EV;2 < 0o
and EU; = EV; = 0. Then

]E(-J% ,;Uk)%—}; >V = = S (BUR) (V)

)
(4.12) +2) (UL Vi) (BU:Va) + — Z]EUZ 7
k#e | £=1
3(“ Y mu2)@ve) + —]EU1 1%
Set
(4.13) Aij(s) = (6o + 5 = Yi5)I(Yij > s)

We fix 0 < a < b < oo and consider the stochastic processes A;;(s) in [a,b]. It holds for
a<s<t<hb

(414) A.,;j(t) hd Aij(s) = (Y;J - 00 — S)I(S < }/‘ij S t) -+ (t - S)I(YLJ > t)

Hence by (a + 6)? < 2(a? + 5?)
E[(Aij (t) —EAi; (1) — (Aij(s) — EAy; (5))]? < E(Ay (8) - Ayj(5))?
(4.15)
< 2[6 + 20)*(Fi(t) - Fi(s)) + (¢ = s)]

where F; isthe c.d.f. of Y5, =1,...,n

15




Furthermore fora < s<t<u <b
(Aij)(t) — Ai(5))(Aij(u) — Ai; (2))
=[(Yi; — 00 — 5)I(s < Yij < t) + (t — 8)I(Yi; > B)].
[(Yij — 00 — )I(t < Yi; < u)+ (u—t)I(Y; > u)]
=(t = s)(Yij — 6o — 1)I(t < Y35 < u)
+ (¢ = s)(u —0)I(Y35 > u)
Using again (a + 8)? < 2(a? + 3?) we obtain for any r.v X,Y with finite fourth moment
E(X -EX)2(Y - EY)? <4E(X? + (EX)?)(Y? + (EY)?)
< 4EX?Y? + (EX)’EY? + (EY )2EX? + (EX)%(EY)?) < 16EX2Y?

Putting

X=0-9s)(Y:; —6—t)I(t <Yij <u)

Y=(0-s)(u—-t)I(Yy >u)

we arrive at
E[(A (t) — EAi; (£)) — (Aiji(s) — EAy (5))]°[(As(u) — EAyj (u) — (A5 (t) — EAi; (1))
<16 E(t — 5)*[(Yiy — 6o — )I(t < Yy <) + (u - t)I(Y5 > w)]?
<16 (t — 5)?2E((Yij — 00 — )*1(t < Yij <) + (u —t)?)
(4.16) < 16(t — 5)22((6p + 2b)* + b?)
Recall that ¥;; has the density

filys) =/0 'él* e‘@%dGi(@-)

%

We introduce the continuous nondecreasing function K;(t),a <t < b, by

t
(4.17) Ki(t) = / D(fi(s) + 1)ds
where D = 32(0y + 2b)2 + b2 + 2 Then by (4.15) and (4.16)
(4.18) E[(Asj (t) — EAi; (1)) — (Aij(s) — EAi;(s))]® < Ki(t) — Ki(s)
16




E[(Ai;(t) — EAi; (8)) — (Aij(s) — EAi; (5)))*[(Ass(w) — EAij (w))(Ai;(£) — EAi; (2))]?

(4.19) < (Ki(t) - Kq(s))*.

Introduce W;,(t),a <t < b, by
'm (t \/— Z ’LJ EA’U ))

Then by the definition of H;,(t) and H;(t), we have
(4.20) Win(t) = v (Hin(t) — Hi(t))

For fixed a < s <t <u < b we apply Lemma 2 to
Uj = (A(t) —EA;;(t)) — (Aii(s) — EAij(s))
Vi = (Aij(u) — EA;j (u)) — (Ais(t) — EAy;(2))

- to get

]E[(Wm (t) - Win(s))(Win (u) "” Win(t))]2 <

3(”; Depave + %EU% VP

The application of the inequalities (4.18), (4.19) to right hand terms yields
(4.21) E[(Win () = Win(5))(Win (w) = Win(£)))* < 3(Ki(u) — Ki(s))?

We have also to deal with the fourth moments of the process W;,. To this end we use the
following well known formula for the fourth moment of a sum of i.i.d. random variables.
Lemma 3: Let Z1,...,Z, be i.i.d. random variables with EZ; = 0,0% = EZ? and
pe =EZ} < co. Then

1 < -1 1
]E(—_ ZZZ)‘L:?)n O'4+;L'/,L4.
Now we set
Zij = (Aij(t) —EA;5 (1)) — (Aij(s) — EAi5 ()

and note that by (4.18)
o? = ]EZEJ < Kz(t) - K,‘(S)

17




The representation (4.14) shows that the r.v. Z;; are bounded
| Zij| < 4(b—a+6)

Hence
e < (4(b—a +8p))3c?

and with d = (4(b — a + 6p))?
pa < d(Ki(t) — Ki(s))
If we now apply Lemma 3 to W, then
(4.22) E(Win (t) — Win(s))* < 3(Ki(t) — Ki(s))* + g(ffi(t) — Ki(s))
Recall that the model of continuity ws(h) of a function of [a, b] is defined by

wg(h)=saup | (f(t+h)—f(?)|
a<t<t+h<b

For the proof of the next lemma we refer to Shorack and Wellner (1986), p. 49. Suppose

Z(t),0,<t <1 is a stochastic process for which every path is continuous from right and

has limits from the left.

Lemma 4: Assume there is a continuous nondecreasing function K on [0, 1] such that
(4.23) E(Z(t) - Z(s))*(Z(w) = Z(1))* < (K (v) - K(t))*

for every 0 < s <t <u < 1. Then there is a universal constant ¢ such that

P(wz(; >e) < —i— Z (‘7;—))4
(4.24) k=1

To apply Lemma 4 to W;, we set
Z(t) = Win(a+t(b—a))
K(t) = V3Ki(a+t(b—a))

18




In view of (4.21) the condition (4.23) is fulfilled. Note that by the definition of Z and
inequality (4.22)

i k k-1
E(Z(=) - Z(—))*
2 EEC) -2
= b— b—a)(k—1 d._ .,
<3 a0ita+ o~ Kifa+ EEEE s Saty
-a d
< Bue, () + ~) Ki(b)
Consequently by (4.24)
(4.25) Pl (02 9 < CE2 0O 4 Kt

Now we are ready to prove an asymptotic representation for the estimator 7;,.

Lemma 5: Under the assumptions of Theorem 2 it holds

V1 Hi(Tin) =~ Win(mi0) + pn

P
where pn — 0.
n—co

Proof:

Fix 0 < a < mi0 < b < co. Then by the consistency of 7;, we get P(Minela,b]) — 1. If
n—=>2X
Min€[a,b] then by (3.6) and (4.20)

0= ﬁzn (ﬁzn)\/ﬁ
= Wzn(ﬁzn) + \/ﬁ Hz(ﬁzn)
= Win(mi0) + vt Hi(Bin) + Win(@in) = Win(mi0))
Introduce
Cmn = sup !Win(t) - Win (7710)|
[t—nio] < 222
b—a

Dmn = {I'ﬁm - 77i0| <

—}
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Then
I(Dmn)[Win(T]z’O) + \/7-7'_ Hz('ﬁzn) + (Wln (ﬁ'm) - Win (77%0))] =0

or
Win(mi0) + V1 Hi(Win) = p1n + p2n

wher
° Pin = I(Emn)[Win ("710) + \/H Hi (ﬁzn)]

p2n = I(Dmn) (Win(Min) — Win(m0)
To show p1, £, 0 it suffices to remark that by the consistency of 7;,:
nN—~>00

P(Dppn) — 0

But by (4.25)
b—a
P(lPan > 6) < P(wwin( m

) 2 €)

3+c b—a d
< C 00 (=) + 0K

As K; is continuous we see wg, (252) — 0. Taking at first n — co and then m — co we
m—>00

see that
P(l P2n | > €) > 0
n—oo

Hence p1y, + pon —_)13—> 0 which proves the statement.
n—roo
Proof of Theorem 2: As H;(n,) =0 and H;(y) = 6o Yin(y) — Vin(y)
is differentiable at y = n;0 we obtain from the consistency of 7;, and Lemma 5

\/ﬁ (ﬁ'm - nzO)(H{('mO) + Sn) = "Win(nio) + Pn

where both S, and p, tend stochastically to zero. By the central limit theorem the
distribution of Wiy, (n;0) tends to N(0,02) as n — oco. The application of the Slutzky

Lemma yields the statement.
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